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a b s t r a c t
I study the stability analysis of the solutions for the dynamical system of nonlinear asset
flow differential equations (AFDEs) in three versions. I show that the previous two versions
are not structurally stablemathematically because there are infinitelymany critical points.
It is important to reformulate a problem in order to eliminate any hypersensitivity in the
mathematical model. I find that there is no critical point in the new version unless the
chronic discount over the past finite time interval is zero.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
It is important to understand and classify the behavior of solutions for autonomous equations. This is more challenging
for dimension n ≥ 3. In this work, I study the stability analysis of a nonlinear dynamical system called the asset flow
differential equations (AFDEs) inℜ4, in three versions. AFDEs have been developed and analyzed asymptotically by Caginalp
and collaborators since 1989 (see [1,2] and references contained therein). This important mathematical model may explain
various nonlinear behaviors such as overreaction, momentum, bubbles, and crashes in experimental asset markets and real
financial markets (see [3]). It incorporates several motivations for buying or selling stock with the finiteness of assets and
microeconomic principles. There are state variables consisting of the market price (MP), the fraction of total funds in the
asset, the trend-based and value-based components of investor preference in addition to the parameters for time scales and
the coefficients of the trend-based and value-based sentiment. Moreover, there is a time series of fundamental value in the
system, although it changes slowly compared to market price.
There is a large set of (over 480 as of 2009) closed-end funds (CEFs) traded on the New York Stock Exchange (NYSE),
for which the valuation based upon the underlying assets is available. CEFs have been studied in many papers (see [4] for
survey). Like various companies, CEFs are initiated by the pooling of a sum of money for the purpose of a particular type of
investment (see [5]). The net asset value (NAV) is defined as the total value of the investment assets net of liabilities divided
by the total number of shares and is computed daily or weekly. Once the initial public offering is done, the shares trade on
the NYSE like any other stock. If they trade above the NAV, the stock is said to be trading at a premium. Analogously, one
defines the discount as
Discount = (NAV − TradingPrice)/NAV . (1)
A premium or discount may be small or large, up to around twenty percent, with nonlinear behavior. Moreover, there may
be crossing-over, chronic premium or chronic discount behavior over time (see [4,6,7]). A time series of net asset value is
used in practice as a proxy for fundamental value in the dynamical system.
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In the literature, there are several versions of AFDEs. They depend on using nonlinear functions or the corresponding
linear approximate functions.Moreover, the chronic discount over thepast finite time interval is subtracted from the running
time discount or not subtracted.
The version of AFDEs in [7] incorporates the chronic premium or chronic discount issue as well in the model.
Recently, an inverse problem involving parameter optimization for AFDEs has been used in order to forecast near
term market returns by following an out-of-sample procedure (see [7]). A quasi-Newton weak line search with the
Broyden–Fletcher–Goldfarb–Shanno formula and their semi-dynamic initial parameter pool are utilized in conjunctionwith
daily market prices and net asset values to determine the parameters for which the AFDEs yield the best fit for the previous
n days in the optimization procedure. It is a feasible dynamic multi-start approach without a convexity assumption for their
semi-unconstrained optimization problem. These optimal parameters are useful for making a forecast for market prices
for the following days. Later, Duran [8] applied a forward parametric sensitivity analysis by obtaining sensitivity equations
analytically for the AFDEs in [1] where there is no handling with chronic discount or chronic premium behavior. He shows
that market price is more sensitive to the momentum parameter than the value-based parameter.
In this work, I find that there is a line of fixed points (equilibrium points) for the AFDEs in [1] and examine different
qualitative features depending on market price, fundamental value and the coefficient of value-based sentiment. The
existence of the infinitely many fixed points may suggest that this version of AFDEs is a structurally unstable system
mathematically by using an extension of the Peixoto Theorem [9] for two-dimensional manifolds to a four-dimensional
manifold. Moreover, I find that there is no critical point if the chronic discount over the past few weeks is nonzero for the
version of AFDEs in [7].
The remainder of this work is organized as follows. In Section 2, the stability analysis and equilibrium points for the
asset flow differential equations in [1] with linear functions x − 1 and x instead of nonlinear functions log(x) and tanh(x),
respectively, are presented. In Section 3, the stability analysis is revisited with the nonlinear functions. In Section 4, the
impact of chronic discount removal on the critical point of AFDEs is discussed. Section 5 concludes this work.
2. Stability analysis for AFDEs: version 1
I rewrite the dynamical system of asset flow differential equations that was introduced by [1] in the following equivalent
form: 
1
x1
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−x2(1− x2)
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−c1q1 1x1 0 1 0
0 0 0 1


x′1
x′2
x′3
x′4
 =

δh

k
1− k
1− x2
x2

k(1− x2)− (1− k)x2
−c1x3
c2

q2
Pa − x1
Pa
− x4

 (2)
with constraints
x1 > 0 (3)
0 < x2 < 1 (4)
−1 < x3 + x4 < 1 (5)
Pa > 0 (6)
K = (δ, c1, q1, c2, q2) ∈ ℜ5+ (7)
where we have defined:
x1(t): the market price (MP) of the single asset at time t ,
1
x1(t)
x′1(t): the relative price change,
Pa(t): the fundamental value,
V (t): the net asset value (NAV) price at time t ,
x2(t): the fraction of total funds in the risky asset,
x3(t): the trend-based component of the investor preference,
x4(t): the value-based component of the investor preference,
k(t): the transition rate and k = 0.5+ 0.5(x3 + x4).
h(x) = x−1 is used instead of log(x) in Eq. (2) because it is also an increasing function with h(1) = 0. Moreover, it provides
a larger domain with fewer singular points. The constraint in (3) and (6) is positivity of prices. We need the constraint (4)
because k should take values within (0, 1) and tanh(x) is approximated by x around (−1, 1) as in [1]. The constants δ, 1/c1
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and 1/c2 are the time scales, respectively, for the price equation, the momentum and valuation strategies. The parameters
q1 and q2 are the coefficients of the trend-based and the value-based sentiment, respectively.
Let us rewrite Eq. (2) in the form of
U ′ = f(U, K , Pa)
similar to that of [8] using the inverse of the real function valued triangular matrix where U = [x1 x2 x3 x4]T , U ′ = dU/dt ,
and
f = [f1 f2 f3 f4]T .
x′1 =
δx1(1− 2x2 + x3 + x4)
(1− x3 − x4)x2 (8)
x′2 =
(1− 2x2 + x3 + x4)(1+ δ(1− x2)− x3 − x4)
1− x3 − x4 (9)
x′3 = c1
q1δ(1− 2x2 + x3 + x4)− (1− x3 − x4)x2x3
(1− x3 − x4)x2 (10)
x′4 = c2
q2Pa − q2x1 − Pax4
Pa
. (11)
A critical point of the AFDEs system in (8)–(11) is a solution (x1, x2, x3, x4) of the following four equations:
δx1(1− 2x2 + x3 + x4) = 0 (12)
(1− 2x2 + x3 + x4)(1+ δ(1− x2)− x3 − x4) = 0 (13)
c1(q1δ(1− 2x2 + x3 + x4)− (1− x3 − x4)x2x3) = 0 (14)
c2(q2Pa − q2x1 − Pax4) = 0 (15)
where x2 ≠ 0, 1 − x3 − x4 ≠ 0, and Pa ≠ 0 which are satisfied by the constraints in (4)–(6). It follows that the system of
AFDEs in (8)–(11) with constraints (3)–(7) has the fixed points
x1, q2
Pa − x1
2Pa
+ 0.5, 0, q2 Pa − x1Pa

which correspond to a line in ℜ4 for arbitrary variable x1. The line depends on x1, Pa and q2. The extension of the Peixoto
Theorem [9] for two-dimensional manifolds to a four-dimensional manifold suggests that this version of AFDEs is a
structurally unstable system due to the infinitely many fixed points.
According to [1] there is a competition between the two prices Pa and L near or at the equilibrium price x˜1 = PaL(1 +
2q2)/(Pa + 2q2L) depending on the influence of q2 where L is the liquidity value defined in [1] as all money in the system
divided by the total number of shares. This equilibrium price corresponds to a portion of the infinitely many fixed points.
The Jacobian matrix of the system in (8)–(11) is
J(U, K , Pa) =

∂ f1
∂x1
∂ f1
∂x2
∂ f1
∂x3
∂ f1
∂x4
∂ f2
∂x1
∂ f2
∂x2
∂ f2
∂x3
∂ f2
∂x4
∂ f3
∂x1
∂ f3
∂x2
∂ f3
∂x3
∂ f3
∂x4
∂ f4
∂x1
∂ f4
∂x2
∂ f4
∂x4
∂ f4
∂x4

(16)
where
∂ f1
∂x1
= δ(1− 2x2 + x3 + x4)
(1− x3 − x4)x2 (17)
∂ f1
∂x2
= −δx1(1+ x3 + x4)
(1− x3 − x4)x22
(18)
∂ f1
∂x3
= δx12(1− x2)
x2(1− x3 − x4)2 (19)
∂ f1
∂x4
= δx12(1− x2)
x2(1− x3 − x4)2 (20)
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∂ f2
∂x1
= 0 (21)
∂ f2
∂x2
= −3δ − 2+ 4δx2 + (2− δ)(x3 + x4)
1− x3 − x4 (22)
∂ f2
∂x3
= (δ − 1+ (2− δ)x2 − 2x3 − 2x4)(1− x3 − x4)+ (1− 2x2 + x3 + x4)(δ + 1− δx2 − x3 − x4)
(1− x3 − x4)2 (23)
∂ f2
∂x4
= (δ − 1+ (2− δ)x2 − 2x3 − 2x4)(1− x3 − x4)+ (1− 2x2 + x3 + x4)(δ + 1− δx2 − x3 − x4)
(1− x3 − x4)2 (24)
∂ f3
∂x1
= 0 (25)
∂ f3
∂x2
= c1((−2q1δ − (1− x3 − x4)x3)x2 − (q1δ(1− 2x2 + x3 + x4)− (1− x3 − x4)x2x3))
(1− x3 − x4)x22
(26)
∂ f3
∂x3
= c1
x2
(q1δ − x2(1− 2x3 − x4))(1− x3 − x4)+ (q1δ(1− 2x2 + x3 + x4)− (1− x3 − x4)x2x3)
(1− x3 − x4)2 (27)
∂ f3
∂x4
= c1
x2
(q1δ + x2x3)(1− x3 − x4)+ (q1δ(1− 2x2 + x3 + x4)− (1− x3 − x4)x2x3)
(1− x3 − x4)2 (28)
∂ f4
∂x1
= −c2q2
Pa
(29)
∂ f4
∂x2
= 0 (30)
∂ f4
∂x3
= 0 (31)
∂ f4
∂x4
= −c2. (32)
Therefore, J(x1, q2
Pa−x1
2Pa
+ 0.5, 0, q2 Pa−x1Pa , K , Pa) has various characteristic equations depending on x1, K , and Pa.
Analytically, the Jacobian matrix at such critical points has zero eigenvalue and it is a singular matrix. A zero eigenvalue
implies a point of bifurcation.
Numerical example 1.
For the variables x1 = $9.95, x2 = 0.5001, x3 = 0, and x4 = 1.5000e−004, Pa = $10.00, and the parameters c1 = 0.001,
q1 = 0.01, c2 = 0.005, q2 = 0.03, and δ = 1, we have the Jacobian matrix
J(U, K , Pa)
=
 0 −39.800000895500013 19.900000447750010 19.9000004477500100 −3.000000000000000 0.499849977496624 0.4998499774966240 −0.000040000000900 −0.000979999999550 0.000020000000450
−0.000015000000000 0 0 −0.005000000000000
 . (33)
This analytically singular matrix seems to be a nonsingular matrix numerically because of rounding error. The numerical
matrix J has eigenvalues−2.999960121660276,−0.002509802388824+ 0.013880884836901i,−0.002509802388824−
0.013880884836901i, and−0.001000273561628.While the negative real eigenvalues are related to a stable improper node,
complex eigenvalues with negative real part may imply a stable spiral point. The condition number of the matrix is infinity.
Numerical example 2.
For the variables and parameters as in Example 1 except that q1 = 10, we have the numerical Jacobian matrix
J(U, K , Pa)
=
 0 −39.800000895500013 19.900000447750010 19.9000004477500100 −3.000000000000000 0.499849977496624 0.4998499774966240 −0.040000000900000 0.019000000450000 0.020000000450000
−0.000015000000000 0 0 −0.005000000000000
 . (34)
This matrix has eigenvalues −2.9933296946994589850082389602063, 0.0043329983208162913589660384757977
− 0.011423565903936172036965570901671 ∗ i, 0.011423565903936172036965570901671 ∗ i+ 0.00433299832081629
13589660384757977, and−0.001336301492173588703946568249213. There is a stable improper node or unstable spiral
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point. However, they are incorrect because of rounding error. Actually, the first column of the numerical J should be the zero
vector for both examples.
3. The impact of nonlinear functions in AFDEs: version 2
When I rewrite the dynamical system of asset flow differential equations in [1] in the following equivalent form with
nonlinear functions log(x) and tanh(x) instead of x− 1 and x, respectively, as in [8], I have
x′1 = x1δ log

k
1− k
1− x2
x2

(35)
x′2 = x2(1− x2)δ log

k
1− k
1− x2
x2

+ k(1− x2)+ (k− 1)x2 (36)
x′3 = c1

q1δ log

k
1− k
1− x2
x2

− x3

(37)
x′4 = c2

q2
Pa − x1
Pa
− x4

(38)
where k = 0.5+ 0.5 tanh(x3 + x4).
It seems that there is no critical point unless k = x2. In other words, there is no critical point if
tanh

q2
Pa − x1
Pa

≠ q2 Pa − x1Pa .
However, Fig. 1 shows that there are infinitely many roots of the difference function
g(x) ≡ tanh(x)− x
in the neighborhood of 0 for x ∈ (−a, a)where a is a sufficiently small positive real number. For example,
| tanh(x)− x| < 3.3201e− 004
for x ∈ [−0.1, 0.1]. g(0) = g ′(0) = g ′′(0) = 0 and the multiplicity of 0 is 3. Again, the system is structurally unstable
mathematically when |x| < a for sufficiently small positive real number a. This implies that there are infinitelymany critical
points if |q2 Pa−x1Pa | < a. The existence of multiple roots and that of non-isolated roots are sources of ill-posedness because
there is hypersensitivity to perturbations in q2 and the running time discount.
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4. The impact of chronic discount for AFDEs: version 3
I rewrite the dynamical system of asset flow differential equations in [7] in the following equivalent form:
1
x1
0 0 0
−x2(1− x2)
x1
1 0 0
−c1q1 1x1 0 1 0
0 0 0 1


x′1
x′2
x′3
x′4

=

δh

k
1− k
1− x2
x2

k(1− x2)− (1− k)x2
−c1x3
c2

q2

Pa − x1
Pa
− D(x1(t − 1), Pa(t − 1), . . . , x1(t − n), Pa(t − n))

− x4

 (39)
where D(x1(t − 1), Pa(t − 1), x1(t − 2), Pa(t − 2), . . . , x1(t − n), Pa(t − n)) is the chronic discount over the past few finite
n ≥ 1 days. Then, we have
c2(q2Pa − q2x1 − Pax4 − q2PaD(x1(t − 1), Pa(t − 1), . . . , x1(t − n), Pa(t − n))) = 0 (40)
instead of Eq. (15). Now, there is no critical point unless D is zero.
5. Conclusion
I find that the dynamical system of asset flow differential equations in (8)–(11) with constraints (3)–(7) has infinitely
many fixed points with the line (continuum) of (x1, q2
Pa−x1
2Pa
+0.5, 0, q2 Pa−x1Pa ) for arbitrary variable x1. This may suggest that
the version of AFDEs in [1] is a structurally unstable systemmathematically, using the extension of the Peixoto Theorem [9]
for two-dimensional manifolds to a four-dimensional manifold.
Historically, structurally unstable systems were regarded as suspicious. However, Guckenheimer and Holmes [10] argue
that the stability dogma is faulty because there are realistic models for the chaotic behavior of the related physical systems
and they involve dynamical systems which are not structurally stable. See [10], p. 259, for comments on the stability
dogma. Moreover, the Lotka–Volterra equations of population dynamics are among models which are hypersensitive to
perturbations.
Ill-posed problems are widespread in applications and numerical computations involving multiple zeros, non-isolated
zeros, round-off error, arbitrary parameters, data error, measurement uncertainties, overdetermined systems and certain
nonlinear behavior (see [11]). It is important to reformulate a problem in order to eliminate any hypersensitivity in the
mathematical model. The system was very sensitive to the coefficient of the value-based sentiment in the version of AFDEs
in [1]. This suggested deviation from the fundamental value larger, quicker or occurring more often than in reality. On
the other hand, market price was approaching the fundamental value too closely over a long time period under normal
conditions. The hypersensitivity was removed when the chronic premium or chronic discount issue for closed-end funds
was handled in the version of AFDEs in [7] by subtracting the chronic discount over the past few weeks from the running
time discount in the value-based preference equation. See [12] for the related hybrid difference equations and regressions.
I show that there is no critical point if the chronic discount over the past finite time interval is nonzero.
Most closed-end funds are traded at a discount with varying magnitude and persistence for most of the time. Many
rational and behavioral factors have been considered for explaining this phenomenon, such as the portfolio structure
of the fund, international diversification, portfolio performance, investment strategies, mean-reverting characteristics of
discounts, valuation, microeconomic dynamics, and investor sentiment (see [4] for a survey, and [13,6,7]). The version of
AFDEs in [7] is more realistic and appealing than the other two versions for modeling such chronic premium and chronic
discount events, which exist most of the time. On the other hand, the chronic discount over the past time interval may be
zero, even if this rarely occurs, when there are oscillations between discount and premium states, or whenmarket prices are
equal to the net asset values over the past finite time interval, or when there is a transition between discount and premium
with a suitable magnitude. We need reactive evaluation of optimal parameters depending on events in a hybrid algorithm.
The analysis in this work is important for parameter optimization of the related dynamical system of differential equations
and exception handling. Moreover, arbitrary perturbations in numerical computation may lead to ill-posedness, especially
for such highly nonlinear dynamical systems. Therefore, I suggest using financiallymeaningful optimal or feasible parameter
vectors rather than arbitrary choices. They can be obtained by using nonlinear least-square curve fitting without overfitting
(for example, see [7]).
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